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Abstract 
This paper presents the sustainable of laminated rubber-metal spring (LR-MS) in transverse vibration. The free-fixed boundary 
condition, longitudinal and rotational force are chosen to represents the transverse behavior of the LR-MS model. The mathematical 
model is developed and finally the dynamic stiffness matrix for all elements inside the LR-MS are obtained. By using the dynamic 
stiffness matrix for each element in LR-MS model, the prediction of stiffness level during transverse vibration are determined. 
Furthermore, it was pointed the comparison of stiffness level between all elements when the forces apply. Finally, the mathematical 
model developed in this study is accomplished to represent the stiffness level of LR-MS model in actual value when transverse 
vibration occurred.  
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1. Introduction 
In practice, natural rubber (NR) is a versatile and excellent material because in 150 years, it was successfully used 
in many engineering applications. It is a type of sustainable material and very popular in Malaysia as well as around 
the world for many applications1 such as in the automotive industry, manufacturing, civil, railways, offshore, 
aerospace, and defense. It becomes an important material due to its ability to withstand large deformations and store 
more elastic energy per unit volume compared with other elastic materials. It also has inherent damping in term of 
vibration resonance. NR also has a unique response which is small compressibility during the application of excitation 
force.  
A rubber bearing was introduced as the isolator to suppress the level of vibration especially in building structure 
for earthquake protection. It is made from layers of rubber with thin steel plates between them, and a thick plate locate 
at the top and the bottom of the rubber materials. These rubber bearings are located between the bottom of a building 
and its foundation. By embedding the metal plates, the combination provides better performance in terms of stress and 
strain level when heavy load is applied and prevents the bulging effect in the horizontal direction 2. It is designed to 
be very stiff and strong for vertical load, therefore it can carry the heavy weight of the building. Imbimo and Luca 
(1998) studied the rubber bearings to investigate the effect of the shape factor on the stress distributions and stress 
concentration of the NR elastomer subjected to axial load 3. Finite element analysis (FEA) approach was used to 
produce approximated solution. The numerical results found in that study then are compared with analytical 
approximate solution. Based on this comparison study, a beneficial effect of the shape factor is shown to give a higher 
stress distribution and stress concentration parallel with the reduction of edge effects. In 2007, the study was fulfilled 
other researchers who studied the use of rubber bearings for new highway construction in Greece to support for 
highway bridges 4. Two samples of rubber bearings were located at the bridge column. The test results showed that 
the stiffness and damping ratio have a good relationship with axial load as well as the frequency of the horizontal 
displacement. The total displacement of rubber bearings is proportional to the force applied to the bearing. It is found 
that by employing the isolation strategy, the superstructure motion is decoupled from the piers motion during the 
earthquake. The inertia forces can be reduced and at the same the energy is dissipated by the vibration isolators which 
finally reduce the transmitted acceleration into the superstructure. 
Bhuiyan (2010) modelled the hysteretic behavior of rubber bearings under uni-directional horizontal displacement 
and constant horizontal compressive load 5. Three types of bearing were used in these studies, namely NR bearing, 
lead rubber bearing and high damping of rubber bearing. Several experiments were conducted to analyse the 
performance of the bearings such as basic test, multi-step relaxation, cyclic test and simple relaxation. It is found that 
the NR bearings give the best result in terms of the rate-dependent rheology. This represent the typical shear stress-
strain responses of a high damping rubber bearings where the strain rate dependency of hysteresis occurs. 
Most recently, the rubber bearing has successfully been applied in the Penang second bridge in Penang, Malaysia. 
The bearings were mainly aimed at avoiding the stemming effects from the natural environment, such as earthquakes 
and ocean wave. Fig. 1 shows the overall view of Penang second bridge and Fig. 2 shows the location of the rubber 
bearing in Penang second bridge. 
The rubber bearings in Penang second bridge is designed to shift the fundamental resonant frequency of the bridge 
away from earthquake ground motion frequencies6. Several studies had been conducted including the quasi-static 
(refer to inertial effect of motion), static (refer to acting force at the bridge is zero), dynamics and elastomer tests. 
Based on the quasi-static and dynamic tests, the rubber bearing prototype was developed and the bi-axial test was 
carried out in longitudinal direction. The compression-shear tests in double shear configuration was also conducted to 
investigate the shear stiffness and damping ratio. If the results obtained did not meet the standards used for the Penang 
second bridge, new prototype was developed with new formulations.  In the elastomer test, each compound was tested 
according to the international standard conducted by Lembaga Getah Malaysia (LGM). Similar trial-error approach 
was applied where new compound was redesigned the requirements were fulfilled. 
In this study, NR materials are used as an isolator in enhancing the conventional rubber bearing for vibrating 
structural especially in bridges. The new rubber bearing is known as Laminated Rubber-Metal Spring (LR-MS) and 
it is capable to block vibration energy from longitudinal and rotational direction. The mathematical modeling of LR-
MS is developed and finally the dynamic stiffness matrix can be used to predict the stiffness levels of the isolator 
when the excitation force and rotational force applied to the isolator. All of the model development and also stiffness 
results are discussed in next section. 
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Fig. 1. Penang 2nd Bridge 
 
   
 
Fig. 2. Location of rubber bearing in Penang 2nd Bridge 6 
 
2. Modeling of Transverse Vibration in Laminated Rubber-Metal Spring 
Consider a LR-MS with excitation force tP Zcos1  and rotational force tN Zcos1  at free boundary condition, and 
then with transmitted force tP Zcos2  and rotational force tN Zcos2  at fixed boundary condition at Fig. 3.  
 
   
 
 
 
 
 
 
 
 
 
 
Fig. 3. Transverse vibration in laminated rubber-metal spring. 
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The equation of motion for transverse vibration for LR-MS model can be written as 
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The steady state solution is 
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where Z  is the angular frequency and t is time.  
 
Then, by substituting Eq. (2) into Eq. (1), the new equation gives 
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From Eq. (3), the solution can be described as 
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where EIA 24 ZUO  . 
 
By referring Fig.3, the boundary condition equation at free rotation is  221 xvEIeN ti ww Z , at free excitation force 
is  331 xvEIeP ti ww Z , at fixed rotation is EIveN ti  Z2  and at transmitted force is  xvEIeP ti ww Z2 . Then, 
substitute v  from Eq. (2) into Eq. (4) and the equation were given as 
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Basically, the general equation can be represented as 
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The unknown coefficients iB can also be expressed in terms of the maximum end deflections and slopes and it can 
brief into mathematical equation in matrix and shown below.  
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The matrix can be simplified by using general equation stated in Eq. (5) and they become 
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 ^ ` > @^ `BCV                          (6) 
or 
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The dynamic stiffness matrix for rod element in Fig. 1 again can be derived by combining Eq. (5) and Eq. (7), at 
finally it gives 
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where matrix > @K  is the dynamic stiffness matrix for the rod element.  
 
The equation of the dynamic stiffness matrix then can be written as 
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where LLF OO sinhsin1  , LLLLF OOOO coshsinsinhcos5  , LLLLF OOOO coshsinsinhcos6  ,
LLF OOW sinhsin  , LLF OO sinhsin8  , LLF OO coshcos10   and  L length of the rod. 
 
The relationship between end forces and end displacement finally can be modelled as 
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By simplifying Eq. (10), every matrices inside the equation can be expanded as 
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1coshcos2sinhsin 22122  LLLLEIC EDHEDDJEJ  and k  is 
the shear constant which depend on cross section of the rod. 
 
3. Results and Discussion 
 
Fig. 4 until Fig. 7 show the force amplitude, rotational amplitude and coherence at free-fixed boundary condition. 
According to the figures, the excitation force and rotational force at free boundary condition are slightly higher 
compare to the force at fixed boundary condition. For a coherence, it is considered satisfactory because it only poor 
at certain frequency range especially at 9 and 100 Hz for both boundary conditions. It happens because the LR-MS 
model has their own higher stiffness and finally make it difficult to obtain a good signal-to-noise ratio.  
The stiffness level results due to frequency of response is presented in Fig. 8 for K11 until K44 of element in dynamic 
stiffness matrix. For K11, the results is appeared similar with K22, and the stiffness is obtained at 2.2x1019 for zero 
frequency and by increasing the frequency of response up to 1 kHz, the stiffness level was observed at 1.3x1039. In 
K12 the results are same as in K21, the stiffness level were observed at 2.9x1011 for low frequency of response and 
finally the stiffness level reach at 1.1x1026 for highest frequency range. The stiffness level for K31 is equivalent with 
K13, K24 and K42, and .On the other hand, stiffness level for K32 is equal with K23, K14 and K41. Both stiffness level 
were recorded at 1.2x1012 and 1.5x1020 for lowest frequency of response and 131.4 and 1.1x1018 were determined at 
1 kHz frequency of response. In addition, for stiffness matrix at K33 is equal with K44 where the lower stiffness 
recorded at 1.1x10-4 and higher stiffness observed at 1.6x109. Last but not least, stiffness value at K34 is logged same 
as K43, which is at lowest frequency the stiffness at 1.1x10-4 and at highest frequency the stiffness at 1.6x109, 
respectively. Based on the results given, the trend of the stiffness on transverse vibration did not depends on the 
location. Sometimes, it is higher at excitation force and sometimes it is higher at transmitted force. This occurred to 
maintain the steady-state condition on LR-MS model when great vibration occurred on it. In addition, stiffness matrix 
represents the mathematical algorithm for each elements in LR-MS and it is varied accordingly to the response of the 
frequency. 
Finally, through the development of mathematical model of LR-MS on a transverse vibration, the stiffness can be 
detected and eventually the modeling is very useful in the future to ensure the quantum of stiffness in vibration isolator 
due to transverse vibration can be predicted.  
 
                      (a)                                       (b) 
Fig. 4. Excitation force at laminated rubber-metal spring. (a) Force excite amplitude; (b) Coherence 
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(a)                                                                         (b) 
 
Fig. 5. Transmitted force at laminated rubber-metal spring. (a) Force transmit amplitude; (b) Coherence 
 
 
(a)                                                                             (b) 
 
Fig. 6. Rotational at free boundary condition of laminated rubber-metal spring. (a) Rotational amplitude; (b) Coherence 
 
 
                   (a)                  (b) 
 
Fig. 7. Rotational at fixed boundary condition of laminated rubber-metal spring. (a) Rotational amplitude; (b) Coherence 
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      (d)          (e)           (f) 
 
Fig. 8. Dynamic stiffness of laminated rubber-metal spring. (a) K11=K22; (b) K12=K21; (c) K31=K13=K24=K42; (d) K32=K23=K14=K41; (e) K33=K44; 
(f) K34=K43. 
 
4. Conclusion 
At the end of the study, several conclusions were obtained on the LR-MS on transverse vibration. The stiffness 
matrix of LR-MS were developed by combining several forces acting on the LR-MS which are excitation, transmitted 
and rotational force. From the model, the excitation and transmitted force obtained showed that the LR-MS can 
blocked the transverse vibration energy where the amount of excitation force was reduced when it is transmitted 
through the LR-MS. Besides that, the coherence obtained revealed that the noise-of-ratio is better in transmitted force 
which is approaching unity. Furthermore, it was pointed that the stiffness matrix equations represented each elements 
of the LR-MS stiffness value and it different accordingly to the response of the frequency during the transverse 
vibration. The mathematical model developed in this study is also proved capable of representing the behavior of the 
LR-MS due to stiffness value and it can be used in the future to predict the stiffness effects on vibration isolator 
without the need to use physical test such as experimental testing.  
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